.Abstract The energy release L s on the surface of a neutron star (NS) with a weak magnetic field and the energy release L d in the surrounding accretion disk depend on two independent parameters that determine its state (for example, mass M and cyclic rotation frequency f ) and is proportional to the accretion rate. We derive simple approximation formulas illustrating the dependence of the efficiency of energy release in an extended disk and in a boundary layer near the NS surface on the frequency and sense of rotation for various NS equations of state. Such formulas are obtained for the quadrupole moment of a NS, for a gap between its surface and a marginally stable orbit, for the rotation frequency in an equatorial Keplerian orbit and in the marginally stable circular orbit, and for the rate of NS spinup via disk accretion. In the case of NS and disk counterrotation, the energy release during accretion can reach 0.67Ṁc 2 . The sense of NS rotation is a factor that strongly affects the observed ratio of nuclear energy release during bursts to gravitational energy release between bursts in X-ray bursters. The possible existence of binary systems with NS and disk counterrotation in the Galaxy is discussed. Based on the static criterion for stability, we present a method of constructing the dependence of gravitational mass M on Kerr rotation parameter j and on total baryon mass (rest mass) m for a rigidly rotating neutron star. We show that all global NS characteristics can be expressed in terms of the function M(j, m) and its derivatives. We determine parameters of the equatorial circular orbit and the marginally stable orbit by using M(j, m) and an exact solution of the Einstein equations in a vacuum, which includes the following three parameters: gravitational mass M, angular momentum J, and quadrupole moment Φ 2 . Depending on Φ 2 , this solution can also be interpreted as a solution that describes the field of either two Kerr black holes or two Kerr disks.
Introduction
Observational Facts. Three independent observational facts have prompted us to revert to the problem of disk accretion onto neutron stars (NSs) with weak magnetic fields, which have virtually no effect on the accretion dynamics.
(1) The discovery of an accreting X-ray pulsar/burster with rotation period p = 2.8ms (cyclic frequency f = 1/p = Ω/2π = 401Hz) in a binary system with an orbital period of 2 h, SAX J1808.4 -3658 (Van der Klis et al. 2000 ; Chakrabarty and Morgan 1998; Gilfanov et al. 1998 ).
(2) The detection of quasi-periodic oscillations in X-ray bursters during X-ray bursts with frequencies of 300 -600 Hz from the RXTE satellite (Stromayer et al., 1998 ; Van der Klis et al., 2000) . In the pattern of slow (in seconds!) motion of the nuclear helium burning front over the stellar surface, these flux oscillations can be naturally interpreted as evidence of rapid NS rotation with the oscillation frequency of the X -ray flux. The rotation frequencies of the X-ray bursters KS 1731 -260, Aql X-1, and 4U 1636 -53 are 523.9, 548.9, and 581. 8 Hz, respectively (Van der Klis et al., 2000) . The rotation periods of these neutron stars are close to 1.607 ms, the rotation period of the millisecond radio pulsar B1957+20, the shortest one among those found to date (Thorsett and Chacrabarty 1998) . Recall that B1957+20 is a member of a binary system with a 0.362 day period.
(3) The discovery of twenty millisecond radio pulsars in the globular cluster 47 Tuc. Most of these pulsars have periods from 2 to 8 ms and are members of close low-mass binaries. The total number of millisecond pulsars in 47 Tuc is estimated to be several hundred (Camilo et al., 1999) .
Measurements of the spindown rate for millisecond pulsars attest to magnetic fields of 10 8 − 10 9 G. Neutron stars with appreciable magnetic fields may manifest themselves as millisecond radio pulsars; NSs with weaker fields are simply unobservable at the current sensitivity level of radio telescopes, but nothing forbids their existence.
Disk accretion onto a NS with a weak magnetic field H < 10 8 G, proceeds in 80 low-mass binaries of our Galaxy. Strong fields could affect the accretion dynamics and could give rise to periodic X-ray pulsations, which is not observed in these systems.
Accretion Pattern. Accreting matter with a large angular momentum spins up a neutron star (Pringle and Rees 1972; Bisnovatyi-Kogan and Komberg 1974; Alpar et al., 1982; Lipunov and Postnov, 1984) and causes appreciable energy release in the accretion disk in a boundary layer near the NS surface (Shakura and Sunyaev, 1988; Popham and Sunyaev, 2000) . Inogamov and Sunyaev (1999) considered the formation of a layer of accreting matter spreading over the surface of a neutron star without a magnetic field. The surface radiation was found to concentrate toward two bright rings equidistant from the stellar equator and the disk plane. The distance of the bright rings from the equator depends on the accretion rate alone.
In the course of accretion, the baryon and gravitational masses of the NS grow, its rotation velocity and moment of inertia change, a quadrupole component appears in its mass distribution, and its external gravitational field changes. For several standard equations of state of matter, the NS equatorial radius proves to be smaller than the equatorial radius of a marginally stable orbit over a wide range of rotation frequencies. This significantly affects the ratio of energy release in an extended disk and the stellar surface. The X-ray spectra of the accretion disk and the spread layer can differ greatly, which opens up a possibility for experimentally testing the theoretical results presented below.
Energy Release in the Disk and on the NS Surface. Here, we calculate the total energy release during accretion onto a rapidly rotating NS and determine the ratio of disk luminosity L d to luminosity L s of the spread layer on the stellar surface at a given accretion rate M. Multiplying the efficiency of energy release ǫ grav byṀ yields the sought-for luminosities. Clearly, allowance for radiation-pressure forces and for the detailed boundarylayer physics can slightly modify the derived formulas (Marcovic and Lamb, 2000; Popham and Sunyaev, 2000) .
For the most important case of a NS with fixed gravitational mass M = 1.4M ⊙ , we present the results of our calculations in Fig. 1 . The calculations were performed for a moderately hard equation of state (EOS FPS). Below, we use the notation of Arnett and Bowers (1977) for EOS A (Pandharipande, 1981) , L, and M; EOS AU from Wiringa et al. (1988) ; and EOS FPS from Lorenz et al. (1993) . EOS FPS is a modern version of the equation of state proposed by Friedman and Pandharipande (1981) .
The approximation formula (derived in section 5) for the total NS luminosity as a function of cyclic rotation frequency (see Fig. 1 2 )Ṁ c 2 .
Here, f varies in the range from -1 to +1 kHz, with positive and negative f corresponding to NS and accretion-disk corotation and counterrotation, respectively. In this paper, a large proportion of the results in graphical form and in the form of approximation formulas are given for a NS gravitational mass of 1.4 M ⊙ or for normal sequences with a rest mass whose gravitational mass is 1.4 M ⊙ in the static limit for various equations of state of the matter in the NS interior. Amazingly, the measured mass M of an absolute majority of the millisecond pulsars in binaries lies, with high reliability, in a narrow range 1.35 ± 0.04M ⊙ (Thorsett and Chakrabarty 1998). Note, however, that the mass of the X-ray pulsar VELA X-1 is close to 1.8 M ⊙ .
When observational data are interpreted, it is useful to have an approximation formula (EOS FPS) for the ratio of the NS surface and total luminosities,
We define the efficiency of energy release in the disk as the binding energy of a particle in a Keplerian orbit at the inner disk boundary. This orbit coincides with the marginally stable orbit or with the orbit at the NS equator.
For a NS of mass M = 1.8M ⊙ with EOS FPS, the calculated total luminosity and L d /L s are shown in Fig. 2 . The corresponding approximation formulas are given in section 5. We see from Figs. 1 and 2 that the surface luminosity L s dominates over the disk luminosity for a slowly rotating star and in the case of counterrotation. Note that the effective energy release during accretion onto a NS of gravitational mass M = 1.8M ⊙ reaches 0.62 Mc
2
(at a cyclic frequency of NS rotation in the sense opposite to disk rotation equal to 1.42 kHz). For a normal sequence with a maximum mass losing stability in the static limit, the total energy release even reaches 0.67Ṁc
2 (see Fig. 3 ). Note that the above values exceed appreciably the disk energy release E d = 0.422Ṁc 2 during accretion onto a Kerr black hole with the largest possible rotation parameter j = 1. Clearly, such a high energy release is also associated with the loss of kinetic energy of stellar rotation during accretion of matter with an oppositely directed angular momentum. The accretion-disk luminosity at f > 600Hz exceeds the surface luminosity if the star rapidly rotates in the same sense as does the disk. We see from Fig. 1 and ratio of energy releases in the disk L d and on the surface L s (dashed line) versus NS rotation frequency f at the fixed gravitational mass M = 1.4M ⊙ for the moderately hard EOS FPS. The asterisks in Figs. 1 -4 correspond to the frequency f at which the NS radius is equal to the radius of the marginally stable orbit. At f ≤ f * , there is a gap between the accretion disk and the NS surface [see formula (3) ].
This tendency is seen from simple Newtonian formulas (Kluzniak 1987; Kley 1991; Popham and Narayan 1995; Sibgatullin and Sunyaev 1998, below referred to as SS 98):
Here, R is the equatorial stellar radius, and f K = GM/R 3 /(2π) is the Keplerian rotation frequency at the inner disk boundary. This formula is valid at low angular velocities, when, to a first approximation, NS oblateness can be disregarded. The exact formulas for L s and L d when the disk corotate lies in equatorial plane of star are (Sibgatullin and Sunyaev 2000 ; below referred to as SS 00) Here, φ(r) is the gravitational potential in the disk plane as a function of distance from the NS. In particular, it follows from formula (1a) that, at |f | = 0.5f K , the surface energy release for counterrotation is a factor of 9 greater than that for NS and disk corotation ! In Fig. 4 , we present similar results of our calculations for stars of fixed rest mass (total baryon mass) m corresponding to M = 1.4M ⊙ in the static limit for the NS EOS FPS. The difference between this figure and Fig. 1 is not large, because the increase in gravitational mass through rapid rotation is relatively small [but appreciable; see formulas (18) ].
For the fixed gravitational mass M = 1.4M ⊙ , we derived a simple approximation formula for the gap between the equator of a rotating star with radius R and a marginally stable orbit for EOS FPS with radius R * :
Using the Static Criterion for Stability. Here, we attempt to derive an apprixmation formula for the dependence of NS gravitational mass M(j, m) on Kerr rotation parameter j ≡ cJ/GM 2 (where J is the NS angular momentum) and on its rest mass m. We derive the function M(j, m) (which is given below for two NS equations of state) by using the static criterion for the loss of stability and data obtained using the numerical code of Stergioulas (1998) . Knowledge of M(j, m) allowed us to derive formulas for the NS angular velocity and equatorial radius as functions of j and m.
Metric Properties of a Rotating Neutron Star. Remarkably, the external field of a rapidly rotating NS with a mass larger than the solar one can be satisfactorily described in terms of general relativity by introducing only one additional parameter compared to the Kerr metric -quadrupole moment of the mass distribution (SS 98). In sections 2 and 3, we discuss exact solutions that take into account higher multipole moments for low masses.
Analogous to M(j, m), we managed to construct approximation dependences of the additional (to the Kerr one) dimensionless quadrupole coefficient b for the external gravitational field on j and m. Using these approximations in an exact solution for the metric outside rigidly rotating NSs enabled us to analytically calculate parameters of the marginally stable orbit in the accretion disk, energy release in the disk and on the NS surface, and the rate of NS spinup via disk accretion. In order to relate the derived approximation dependences to the observed NS parameters, we passed from the Kerr parameter j to the observed parame- ter f (cyclic rotation frequency) for 1.4 M ⊙ stars in the final formulas. In section 1, we give approximation formulas for the relationship of j to f and M.
The Content of the Paper. Below (in section 1), we present a method for global construction of the NS gravitational mass as a function of its Kerr rotation parameter j and rest mass m. The static criterion for stability underlies the method. The results of application of our method approximate the numerical data obtained with help of the numerical code of Stergioulas (1998) very accurately.
The NS angular velocity and its equatorial radius are determined by using M(j, m). We propose a new formula for the equatorial radius, which matches the exact one at j = 0.
In section 2, we present a method of constructing the quadrupole coefficient via M(j, m) using an exact solution of the Einstein equations for the metric of the external gravitational field.
The exact solutions that describe the external fields of rigidly rotating stars with arbitrary multipole structure are discussed in section 3.
Global properties of the exact quadrupole solution are described in section 4. We note that the corresponding gravitational field in some region on the b, j plane (including low values of the quadrupole moment b and the Kerr rotation parameter j) behaves as the field of two rotating black holes, with the NS pressure acting as an elastic support. However, outside this region, the solution properties outside the star are equivalent to the field of two supercritical Kerr disks. By contrast to black holes (Hoenselaers 1984) , two Kerr disks can be in equilibrium in the absence of supports (Zaripov et al. 1994 ; a graphic post-Newtonian approach was developed by Zaripov et al. 1995) .
In section 4, we derive expressions for the energy, angular momentum, radius, and angular velocity of particles in the marginally stable orbit in the quadrupole solution. The above functions depend on j and b. At b = 0 and j = 1, these expressions have numerical solutions which were first found by Ruffini and Wheeler (1970) . At b = 0 and j < 1, the above expressions approximate the corresponding formulas of Bardeen et al. (1972) in the form of polynomials in j.
The energy, angular momentum, radius, and Keplerian angular velocity of particles at the stellar equator depend markedly on the NS equation of state. In section 4, these functions are given as functions of j, m (and j, M) for EOS FPS and as functions of j, m for EOS A.
The above set of functions proves to be enough to calculate the dependences of energy release on the NS surface and in the accretion disk (section 5) on j, m or on j, M. In section 5, we provide approximation formulas for the total luminosity and the luminosity ratio of the disk and the NS surface as functions of rotation frequency at fixed gravitational masses M = 1.4 and 1.8M ⊙ for EOS FPS. Similar approximation formulas are given for the EOS A and EOS AU normal sequences with M = 1.4M ⊙ in the static limit. In section 5, we also discuss the NS spinup and provide approximation formulas for the spinup rate in the case of EOS FPS for fixed gravitational masses of 1.4 and 1.8M ⊙ . For comparison, we give formulas for the dependence of luminosity and spinup parameter on the dimensionless rotation frequency in the Newtonian theory.
Astrophysical applications and implications of our results (particularly for the most interesting case of NS and disk counterrotation) are discussed in section 6.
Based on numerical data for Ω at the stability boundary m = m * (j), we determine M 0 (j) from formula (10) by using the derived functions M * (j), m * (j).
In order to successively determine the remaining coefficients M 1 (j), M 2 (j) before the nonstatic terms in (6), we introduce the coefficient µ 1 − m , with M 1 (j) (whose value at j = 0 is already known) being calculated by using numerical data precisely at m = µ 1 . We then have
Having numerical data for the right-hand part at discrete j, we can easily find a sixth-degree polynomial with the smallest rms deviation by points. In our calculations, we choose µ 1 in such a way that M st (µ 1 ) is equal to or differs only slightly from 1.4 M ⊙ .
Having derived the expression for M 1 (j), we can determine M 2 (j) by using a different normal sequence, say, at m = µ 2 .
We construct the coefficient M 2 (j) as follows:
The Function M(j, m) for EOS A. We choose the following constants µ 1 , µ 2 : µ 1 = 1.5663, µ 2 = 1.1663 for EOS A. The numerical data of Stergioulas's code for the dependences of critical masses on j can be approximated as
Combining our results (10 -14) for EOS A, we finally obtain
Formula (15) describes the data of Stergioulas's (1998) numerical code to within the fourth decimal place in mass (expressed in solar masses) and to within the third decimal place in angular velocity Ω calculated using (9) (and expressed in units of 10 4 rad/ s) in the following parameter ranges: −0.7 < j < 0.7, 1.1 < m < 2.4.
The Function M(j, m) for EOS FPS. For EOS FPS, which is stiffer than EOS A, our numerical searches for the maximum gravitational and rest masses at fixed angular momentum lead to the following dependences of these masses on rotation parameter at the stability boundary:
Approximating the data for the static case j = 0 yields
by the above procedure: for the rest masses of normal sequences, we choose µ 1 = 1.56, µ 2 = 1.16. Of course, the choice of these values is rather arbitrary. The final formula derived from (10 -13) and (16) for the dependence of gravitational mass on rotation parameter and rest mass for EOS FPS is
Formula (17) for the gravitational mass, like the previous (15), approximates the numerical data of Cook et al. (1994) and the results of Stergioulas's (1998) code in the argument ranges −0.7 < j < 0.7, 1.1 < m < 2.5 with an amazing accuracy: to within the fourth decimal place in gravitational mass and to within the third decimal place in angular velocity (expressed in units of 10 4 rad/ s). The Function m(j, M) for EOS FPS. Similarly, we can approximate m(j, M) by using numerical data for the angular velocity, the baryon and gravitational masses at the stability boundary, and for the fixed M = 1.4M ⊙ and M = M ⊙ . For EOS FPS, we then obtain
The Dependence of Gravitational Mass and Dimensionless Angular Momentum j on Angular Velocity for 1.4 M ⊙ Normal Sequences in the Static Limit. At present, the gravitational masses and angular velocities of neutron stars are measured with a high accuracy (Thorsett and Chakrabarty 1998). Here, we give, for reference, approximations of M(f ) and j(f ) for various equations of state for M = 1.4M ⊙ normal sequences in the static limit (here, the masses are in solar masses, and f = Ω/2π) is the cyclic rotation frequency):
EOS AU :
The right-hand parts approximate M(f ), j(f ) in the entire range 0 ≤ f < f K ; they were constructed on the basis of tables from Cook et al. (1994) . These approximations are extended to negative f (counterrotation) by using the evenness condition for M(f ) and the oddness condition for j(f ) :
It follows from the formulas for M(f ) that the dependence of gravitational mass on angular velocity for the stiffer EOS L and M is stronger than that for the softer equations of state. While matching in the static limit, the gravitational masses of a NS with different equations of state differ at f = 600Hz:
The difference in the equations of state leads to a marked difference in the gravitational masses ( for the same mass in the static limit ) for the same rotation period. These differences exceed the accuracy of measuring the gravitational masses of millisecond pulsars in some binary systems (Thorsett and Chakrabarty 1998) .
Determining the Equatorial Radius of a Neutron Star. Another important formula relating the constant µ (stellar chemical potential) to the derivative of the gravitational mass with respect to the rest mass at constant angular momentum, follows from theorem 3 in SS 00. Taking the value of µ at the equator, we obtain
Here, R is the NS geometric equatorial radius (the equator length divided by 2π), and Ω = ΩGM/c 3 is its dimensionless angular velocity. Below, we use a stationary, axially symmetric metric in Papapetrou's form outside the star:
In the static limit, the stellar radius can be determined from formula (19) by using the Schwarzschild metric
Remarkably, formula (22) for a rotating NS, if M(j, m) is substituted in it and differentiated at constant j:
closely agrees with the numerical data for the stellar equatorial radius from Cook et al. (1994) and with our data obtained by using the numerical code of Stergioulas (1998) with an accuracy up to 1 %. The NS Equatorial Radius and the Gap between the Marginally Stable Orbit and the Equator. Figure 5 shows plots of equatorial radius R (in units of GM/c
2 ) against rotation frequency f constructed using formula (23) for fixed gravitational masses M = 1.2, 1.4, 1.6, and 1.8M ⊙ and for EOS FPS. In particular, the approximation of R(f ) at M = 1.4M ⊙ has a fairly simple form: Figure 6 shows plots of radius R * of the marginally stable orbit against f constructed using formula (47) for the same values of M. In particular, the approximation of R * (f ) at M = 1.4M ⊙ by a fourth-degree polynomial in the range −1kHz < f < 0.6 kHz is (EOS FPS)
To characterize the gap between the NS surface and the marginally stable orbit, let us consider the quantity R * − R. In Fig. 7 , R * − R is plotted against angular velocity for the same gravitational masses. The approximation of this dependence for
These formulas can be used in the range −1kHz < f < 0.6kHz.
In order to compare the gaps between the marginally stable orbit and the surface of a NS with different equations of state, we approximate the gap for M = 1.4M ⊙ normal sequences for a NS with EOS A and EOS AU as follows:
EOS AU : 
The quadrupole moment of a rapidly rotating neutron star in general relativity.
To describe the oblateness effect and the emergence of a quadrupole moment in the mass distribution via rapid rotation, in SS 98 we proposed to use an exact quadrupole solution, which contains an arbitrary parameter b compared to the Kerr metric. This parameter, to within a factor, matches the NS inherent quadrupole momentum: the total quadrupole moment in the asymptotics at large distances
includes the Kerr quadrupole moment. The parameter Φ 2 was determined by Ryan (1995 Ryan ( , 1997 with the use of considerations developed by Komatsu et al. (1989) and Salgado et al. (1994) .
The Metric of the Quadrupole Solution in the Equatorial Plane. The metric components in the equatorial plane for this solution are (SS 98)
Here, An exact quadrupole solution of Einstein equations is contained as a special case in the exact five-parameter solution found by Manko et al. (1994) by specifying its properties on the symmetry axis using the method of Sibgatullin (1984) . Ernst (1994) showed that this solution could also be obtained from Kramer -Neugebauer's (1980) solution for coaxially rotating black holes by a special choice of the constants in the solution.
The solution under consideration for b < 0.25(1 − j 2 ) can be interpreted as a solution that describes the gravitational field of two coaxially rotating black holes with the same masses and angular momenta. For b > 0.25(1 − j 2 ), it describes the gravitational field of coaxially rotating Kerr disks. In this case, the pressure clearly acts as elastic supports. the Kerr quadrupole moment Q K = G 2 M 3 j 2 /c 4 (determined by the NS mass and angular momentum). Let us pass to an observable variable, the rotation frequency f. Parabolic approximations of the dependence of dimensionless quadrupole coefficient b on Kerr parameter j are given in Laarakkers and Poisson (1998); more accurate approximations by fourth-degree polynomials in j were derived in SS 98. Having reduced the data obtained with the numeric code of Stergioulas (1998), we have
EOS FPS :
Whereas the total quadrupole moment for the soft EOS A is approximately a factor of 3 larger than the Kerr component, for the hard EOS L it exceeds the Kerr component by almost a factor of 10! Determining the Non-Kerr Quadrupole Moment of a Rapidly Rotating NS Using M(j, m). The NS equatorial radius R is closely related to its quadrupole moment
The system of equations (19) and (20) at given j and m in the metric (21) and (29) is algebraic for the NS coordinate radius ρ and its quadrupole moment b, because, according to (9) and (23), the functions Ω(j, m) and R(j, m) are expressed in terms of M(j, m) and its partial derivatives. We emphasize that M(j, m), R(j, m), b(j, m), and I(j, m) (moment of inertia) are even functions of the Kerr parameter j, while the angular velocity Ω is an odd function of j.
In
We derive an approximation formula for k(j, m) by a method similar to that described above for constructing M(j, m) and m(j, M): the function k is first approximated by a sixth-degree polynomial at the stability boundary in the segment |j| < 0.67 in terms of the rms deviation and then by eighth-degree polynomials in j at two fixed values, say, m = 1.56 and 1.2358 (M = 1.4 and 1, respectively) in the segment |j| < 0.67.
The Quadrupole Moment as a Function of j,m or j, M for EOS FPS. The resulting formula for k(j, m) is a combination of four rms approximations and describes b(j, m) to within the third decimal place.
For the quadrupole moment of a NS with EOS FPS rotating arbitrarily fast (up to the Keplerian angular velocity at the stellar equator), the following formula holds: 
Here, k * (j) denotes the function at the stability boundary. It follows from our numerical data that k * (j) ≈ 0.567 − 0.576 |j| + 0.338 j 2 − 0.47 j 4 + 0.19 j 6 ; M * (j) and m * (j) are given by (16) .
The Quadrupole Moment as a Function of j, m for EOS A. For EOS A, the formula for the inherent quadrupole coefficient can be written as 
Here, M * (j) and m * (j) are given by (14) . Results of Our Calculations. Figure 8 shows lines of constant gravitational mass M(f, m) as functions of rotation frequency f for m at 0.1 steps in the interval (1.2, 2.5) for 
Figure 8: Gravitational mass M versus NS rotation frequency for fixed rest masses (EOS FPS).
The dashed line corresponds to the parameters at which R = R * . Curves a, a, a . . . correspond to a transition of the external field from the field of two Kerr black holes (inner region) to the field of two Kerr disks (outer region). The maximum gravitational masses at which the stability is lost according to the static criterion are also marked by dots (upper curve).
EOS FPS (recall that the masses are measured in M ⊙ ). We used the parametric dependences M = M(j, m) and Ω = Ω(j, m) (see formula (9) for Ω(j, m) to construct these curves. The dashed curve in Fig. 8 separates the NS states when it is within the marginally stable orbit from the NS states when this orbit is inside it. Obviously, the equation of this curve is R(j, m) = R * (j, m). The dots indicate the curves of stability loss according to the static criterion. Their parametric equation is: M = M * (j) and f = f * (j).
The moment of inertia, the angular velocity, the equatorial radius, and the quadrupole moment can be inferred from the derived function M(j, m), which determines the state of a two-parameter thermodynamic system. Figure 9 shows lines of constant dimensionless quadrupole coefficient b as functions of rotation frequency f for rest masses at 0.1 steps in the interval (1.2, 2.5). In this case, the dimensionless angular momentum j acts as a parameter in the parametric specification of the curve on the plane. Points a, a, a, ... in Figs. 8 and 9 correspond to the curve of transition from the external field of two coaxially rotating black holes to the external field of two coaxially rotating Kerr disks. The equation 3 The external gravitational fields of rapidly rotating neutron stars.
The External Gravitational Fields of Sources with a Finite Set of Multipole Moments. The external gravitational fields of rapidly rotating neutron stars at large angular velocities differ markedly from the Kerr field. To describe these fields by the solution of the Einstein equations with a finite set of multipole parameters, in SS 98 we proposed to use axisymmetric steady-state solutions specified on the symmetry axis by the following Ernst potential:
Below, the ρ and z coordinates are measured in units of length (GM/c 2 ). The corresponding solution is symmetric about the equatorial plane if we additionally require that the coefficients with even subscripts a 2k be real (they are determined by the mass distribution and correspond to the Newtonian multipole moments), and that the coefficients with odd subscripts a 2k−1 be purely imaginary (they are determined by the angularmomentum distribution in the NS and have no analog in the Newtonian theory). For this definition of multipole moments, the Kerr solution is a purely dipole one, and its higher multipoles are zero. General expressions for the metric coefficients are given in SS 98 [formulas (23) and (24)]. Denote the roots of the denominator in the expression for E on the symmetry axis by b 1 , b 2 , . . . , b n and the roots of the equationẽ(z) + e(z) = 0 by ±ξ 1 , ±ξ 2 , ..., ±ξ n (Sibgatullin 1984) . Here, the tilde has the meaning of a complex conjugate. If we use the identity
here,V (a 1 , . . . , a n ) is an n × n alternant on elements a 1 , ..., a n , P (z) is an n − th degree polynomial whose roots are b 1 , . . . , b n , then we can represent the solution for the Ernst function differently. To describe it, we denote
The solution for the Ernst function symmetric about the equatorial plane and with the specified behavior on the symmetry axis (28) then takes a fairly elegant form:
The square n × n matrices A, B, C, D consist of a kl , b kl , c kl , d kl , k, l = 1, ..., n, respectively [see Eq. (35)]. The rectangular (n − 1) × n matrices A ′ , B ′ consist of a kl , b kl , k = 1, ..., n − 1; l = 1, ..., n , and the rectangular (n + 1) × n matrices
Formally, the solution (36) appears as the result of applying Backlund's transformation to the solution E = 1 2n times. For the Ernst equation, it was found by Neugebauer (1980); see also formula (7) from Kramer and Neugebauer (1980) with "Van der Mond representation" of Ernst function. However, an attempt to directly determine the parameters of this solution from the data on the axis leads to cumbersome calculations even for n = 2. Ernst 1994 established the relation between Sibgatullin's method of construction of electrovac solutions with the given rational behavior at the symmetrie axes and Neugebauer's 2n parametric family of solutions for n = 2. Manko and Ruiz (1998) were able to represent the solution of the Ernst equations corresponding to the Ernst rational function on the symmetry axis with the asymptotics E → 1 when z → ∞ in a form that contained only the roots ξ k of the equationẽ(z) + e(z) = 0 and that did not contain the roots b k for arbitrary n > 2.
We hypothesized in SS 98 that the coefficients a 2k−1 for rigidly rotating stars, which are related to differential rotation, were zero for k > 1, with a 1 = j = 0. This coefficient is the ratio of the NS angular momentum to its mass squared. Then, a substantial simplification of the solution (36) is that all constants σ + k and σ − k (defined in (34) ) turn out to be equal: σ
An Exact Solution of the Einstein Equations for a Rotating Deformed Source and Numerical Data. The available numerical data on the external gravitational fields of rigidly rotating neutron stars [redshifts forward Z f and backward Z b at the equator edges, which allow the metric coefficients F and ω on the stellar equator to be calculated; see Cook et al. (1994) for numerical values of the radius of the marginally stable orbit] suggest that these fields can be described by some exact solution of the Einstein equations. The corresponding Ernst function on the symmetry axis is
which is obtained from the general case (33) at n = 2. Recall that J = GM 2 j/c is the angular momentum, and G 2 bM 3 /c 4 is the quadrupole moment of the NS. Manko et al. (1994 Manko et al. ( , 2000 proposed to model the external fields of neutron stars with strong magnetic fields by special exact solutions of the system of Einstein-Maxwell equations.
In contrast to the multipole decompositions at large radii (Shibata and Sasaki 1998; Laarakkers and Poisson 1998), which converge slowly at the stellar surface, the quadrupole solution closely approximates numerical data up to the stellar surface. The parameter b = b(j) of this solution can be independently determined by several methods: for example, by comparing either the radius of the marginally stable orbit or the metric coefficient F at the stellar surface, which is ((1 + Z f ) (1 + Z b )) −1 (recall that 1/ √ F − 1 has the meaning of gravitational redshift), with numerical data. The metric coefficients F and ω in the solution corresponding to (37) on the symmetry axis take the form (29) in the equatorial plane.
Remarkably, b = b(j) determined from independent comparisons with numerical data proved to be the same for a given equation of state and at fixed rest mass.
The function R * (j, m)c 2 /GM(j, m) at m = const constructed from the Kerr solution differs markedly from the realistic curves for |j| > 0.15. Nevertheless, the realistic R * c 2 /GM curves and the Kerr curve have a tangency of the first order at j = 0. This circumstance serves as a good illustration of the remarkable observation by Hartle and Thorne (1969) that the external gravitational field of a slowly rotating star is described by the Kerr metric linearized in rotation parameter.
Here, by contrast to SS 98, we approximated the function b(j, m) in finite ranges of j and m [see formulas (26) and (27)].
4 Global properties of the exact quadrupole solution.
Parameters of Equatorial Circular Orbits in an Arbitrary Axisymmetric Stationary Field in a Vacuum. The specific energy and angular momentum of particles rotating in the equatorial plane in a Keplerian circular orbit in an arbitrary axisymmetric stationary field in a vacuum can be calculated using the formulas (SS 98)
Here, the dot denotes a derivative with respect to r ≡ ρ 2 . For the angular velocity of a particle in a Keplerian circular orbit, we can derive the formula
The radius of the marginally stable orbit can be determined by using the condition of energy extremum in circular orbits. In explicit form, it appears as
For the particle energy and angular momentum in the marginally stable orbit to be calculated as functions of rotation parameter j, the root of the algebraic equation (40) must be substituted in (38) . Disk Luminosity and Parameters of Equatorial Circular Orbits in the Kerr Field. The external field of a slowly rotating NS can be described by the Kerr solution linearized in angular momentum (Hartle and Thorne 1969) . The physical processes in the field of a slowly rotating NS were considered by Kluzniak and Wagoner (1985), Sunyaev and Shakura (1986), Ebisawa et al.(1991) , Biehle and Blanford (1993) , and Miller and Lamb (1996) .
For the extreme Kerr solution (j = 1), the particle energy and angular momentum in the marginally stable orbit were calculated by Ruffini and Wheeler (1970) in their pioneering study.
At 0 < j < 1, the particle energy and angular momentum in circular orbits in the Kerr field (Bardeen et al. 1972 ) are related to the orbital radius and the rotation parameter j by
Here, r is the Boyer -Lindquist radial coordinate in the Kerr metric. The expressions for j, E, l corresponding to the marginally stable orbit, where the x is treated as a parameter, are
The parameter x varies in the intervals (1/9, 1/6) and (1/6, 1) for disk and black-hole counterrotation and corotation, respectively. The corresponding values of j for the former interval are negative. The disk energy release in the field of a black hole is obviouslyṀ c 2 (1 − E * ). In order to express the energy release as a function of the black-hole angular velocity Ω, we use the formula [formula (12) in Christodolou and Ruffini (1973) ; see also Misner et al. (1973) , Sibgatullin (1984) , Novikov and Frolov (1986) 
Hence, it is easy to obtain j = 4Ω (4Ω 2 + 1) .
Therefore, the energy release L d in the disk around a Kerr black hole is a function of Ω = ΩMG/c 3 specified parametrically with x = GM/rc 2 (r is the Boyer-Lindquist coordinate radius of the marginally stable orbit). L d has the following well-known values: 
The function L d (Ω)/Ṁ c 2 is not analytic atΩ = 0.5. Its expansion in terms of fractional powers of the difference 0.5 −Ω is
The calculation using formula (44) atΩ = 0.4 (j ≈ 0.975) yields 0.2185; this value differs from that calculated by using formula (44a) and from the exact value by less than 0.0005. One should therefore use (44) for |Ω| < 0.4 and the expansion (44a) for 0.4 <Ω ≤ 0.5. In the range −0.5 <Ω ≤ 0.4, the first two terms in the Taylor expansion nearΩ ≈ −0.5(j ≈ −1) can be used for the Kerr-disk luminosity:
Note that, if the NS radius is smaller than the radius of the marginally stable orbit, then the energy release L d in the disk around the NS is approximately equal to L d in the disk around a black hole of the same mass and the same angular momentum. Indeed, we see from formula (45) for E * that the corrections to the Kerr expression associated with powers of the quadrupole coefficient b are small.
Comparison of the Functions j(Ω) for Black Holes and Neutron Stars. As the NS mass increases to its maximum value, when the star collapses in the static limit, the relationship between the dimensionless angular velocity of a NS with different equations of state and the Kerr parameter approaches the above relationship between these parameters for rotating black holes. Moreover, the NS external field differs only slightly from the gravitational field of a rotating black hole.
Indeed, using tables from Cook et al. (1994) , we can construct approximations for the M = 1.4M ⊙ normal sequences in the static limit in the range 0 < j < 0.6 [the function j(Ω) is extended to negativeΩ by using the oddness condition j(Ω) = −j(−Ω)]: Parameters of the Marginally Stable Orbit in the Equatorial Plane in the Field of a Rotating NS. The external fields of rapidly rotating neutron stars differ markedly from the Kerr field. This difference can be described by introducing only one multipole moment, namely, the quadrupole one (Laarakkers and Poisson 1998; SS 98) at stellar masses larger than M ⊙ . In general, the external gravitational fields at M < M ⊙ in the case of rapid rotation have all multipole components, much like the external field of a Maclaurin spheroid at a rotation velocity comparable in magnitude to the Keplerian velocity on the stellar equator.
In order to calculate the parameters of the marginally stable orbit, let us consider four quadrupole coefficients: b : b = 0, 0.25, 0.5, 0.75. For each of these values, we break up the j range -0.7 to +0.7 into 30 equal parts and seek a minimum of the particle energy in circular orbits for each j [rather than seek the root of the complex equation (40), as we did in SS 98]. Having determined the corresponding radial coordinates, we can calculate all the remaining parameters of the marginally stable orbit and construct an approximating polynomial in j with the smallest rms deviation in the interval (-0.7, 0.7) at fixed b. We then construct an interpolation polynomial in b using Lagrange -Silvester's formula. Let us write out the functions (38) and (39) derived in this way, which, however, have a meaning only when the stellar radius is smaller than the radius of the marginally stable orbit. In the formulas given below, 1 − E * has the meaning of binding energy of a particle of unit mass in the marginally stable orbit, and Ω * is the angular velocity in this orbit: These formulas are universal and valid for any NS equation of state. If, alternatively, the dimensionless quadrupole coefficient b = kj 2 is expressed in terms of j and m for a specific equation of state (respectively, j and M), for example, by using formula (31), then we obtain the above formulas as functions of j and m (respectively, j and M). Formula (32) must be used for EOS A.
We emphasize that, in contrast to the Taylor expansions of Shibata and Sasaki (1998) for small j and b ∼ j 2 , formulas (45 -48) , which were derived from the exact solution by the combination of least squares and interpolation in b (Silvester-Lagrange's formula), describe the behavior of the solution in finite ranges: b ≤ 0.75, |j| ≤ 0.7. Note that the corrections associated with the coefficient b in formula (45) for E * are small.
Radial and Azimuthal Velocities on the NS Surface for the Particles Falling to the Stellar Equator from the Marginally Stable Orbit. The radial and azimuthal velocities of the particles that fell from the marginally stable orbit on the stellar surface in a local frame which is stationary relative to the orbits of Killing's time-like vector of the metric (21) are
Here, the asterisk denotes the corresponding parameter in the marginally stable orbit. The approximations for V φ and V r for a NS with fixed mass M = 1.4M ⊙ and EOS A valid in the range −1.2kHz < f < 0.88kHz are
and those for EOS FPS valid in the range −1.kHz < f < 0.6kHz are:
In SS 98, we gave formulas for V φ and V r in a frame entrained by NS rotation. The corresponding approximations for M = 1.4M ⊙ for the azimuthal velocity are
The radial components of the 4-velocity do not change when passing from one frame to the other. The kinetic energy of radial particle motion produces energy release in a shock wave near the equator, while the energy of azimuthal motion produces energy release in the spread layer that concentrates around two bright latitudinal rings (Inogamov and Sunyaev 1999) . Clearly, this difference can, in principle, allow the case with a radius smaller than the radius of the marginally stable orbit R < R * (three bright rings) to be experimentally distinguished from the case with R > R * (two bright rings).
Since the particles in the gap are assumed to have no time to gather a high radial velocity for any reasonable f V r << V φ . Expanding the fourth tetrad 4-velocity component in a series yields 1
The flux of radial kinetic energy is therefore
The approximation of L rad for a NS with the soft EOS A, where this flux reaches a maximum, is
For the stiffer EOS FPS, the flux of radial energy is considerably lower,
The angular velocity of the particles falling from the marginally stable Keplerian orbit along helical trajectories is at a maximum on the NS surface. As follows from SS 98, the formula
holds for the particle angular velocity near the NS surface f s = dφ/dt/2π.
The approximations for f s on the stellar surface and for f K in the marginally stable orbit as functions of the NS rotation frequency are
Here, Ω K = 2πf K is the particle angular velocity in the equatorial Keplerian orbit (in rad/ s).
The Maximum Rotation Frequency in Circular Orbits at R ≤ R * and R > R * . The marginally stable orbits [see formula (48) ] and the Keplerian orbits lying on the NS surface [see formulas (53) and (56)] have the largest frequency in Keplerian equatorial orbits around the NS at R ≤ R * and R > R * , respectively. We emphasize that we deal with circular orbits; for the spiraling-in particles in the gap between R * and R, the angular velocities f s are higher than those in the marginally stable orbit (see above). In order to interpret the quasi-periodic millisecond oscillations from LMXB objects, it is useful to calculate the dependence of the largest Keplerian frequency on the NS angular velocity; either (48) or (53) and (56) must be used, depending on the situation. In Fig. 10 , maximum Keplerian frequency is plotted against NS rotation frequency for EOS FPS for fixed rest masses m at 0.1 steps. The NS angular velocity was calculated by using (9) . The corresponding curves are indicated by solid and dashed lines at R ≤ R * and R > R * , respectively. The curve for R = R * is also indicated by a dashed line. When this curve is reached, the maximum possible Keplerian frequencies are obtained for a fixed rest mass. The dots indicate the curve of stability loss according to the static criterion; it correspond to the M = M * (j) curve [m = m * (j)] [see formulas (14) and (16)].
5
NS spinup via accretion and its luminosity.
Spinup in the Newtonian Theory. Let us first consider the Newtonian pattern for an incompressible, self-gravitating rotating mass of fluid whose equilibrium figure is a MacLaurin spheroid. The spheroid eccentricity e is defined as e = 1 − c 2 /a 2 [a, c are the bigger and smaller semiaxes of the spheroid respectively].
The Keplerian equatorial rotation frequency can be determined by equating the gravity and the centrifugal force:
The formula relating the angular frequency and the eccentricity of a Maclaurin spheroid follows, in particular, from equilibrium conditions:
Denote the mass brought by the accreting particles from the disk to the stellar equator per unit time, which subsequently spreads over the star, changing its mass, angular momentum, and total energy in an equilibrium way, byṀ . From the law of conservation of angular momentum, we have
We derive the following evolutionary equation for the eccentricity from formula (59) (see also Finn and Shapiro 1991) : (solid lines) and particle rotation frequency in an equatorial Keplerian orbit at R > R * (dashed lines) versus NS rotation frequency for fixed rest masses m (EOS FPS). The upper envelope specifies the frequency for R = R * ; at m = const, the functions f * K (f ) monotonically increase for R < R * , while the functions f K (f ) monotonically decrease for R > R * . We derived formulas for the energy releases in SS 00:
Here, µ is the NS chemical potential, and Ω is its angular velocity (see SS 00). The quantities in the formulas for the surface energy release are given by the following formulas: (9) for Ω; (19) for µ; (45), (46) for E * , l * ; (51), (52) for EOS A and (54), (55) for EOS FPS for E, l. In the case of a nonrotating NS, the formulas for gravitational energy release were derived by Sunyaev and Shakura (1986) .
The energy release reaches a maximum when the disk and the neutron star counterrotate: for EOS FPS, it is 0. The maximum luminosity for the gravitational mass M = 1.4M ⊙ is 0.408Ṁ c 2 at f = −1.08 kHz. The approximations for the total luminosity and the L s /(L s +L d ) ratio at |f | < 1 kHz for the gravitational mass M = 1.4M ⊙ are given by formulas (1,2) in the Introduction.
The maximum luminosity for M = 1.8 M ⊙ is 0.62Ṁ c 2 at f = −1.41 kHz. The approximation for the total luminosity at |f | < 1kHz for M = 1.8 M ⊙ is 
The softer is the equation of state, the stronger is the concentration of matter toward the stellar center, and the larger is the gap between the marginally stable orbit and the NS surface. Therefore, the energy release on the surfaces of stars with a soft equation of state at the same masses and angular velocities exceeds the energy release on the surfaces of stars with a stiff equation of state.
As follows from (1), (70), (72) , and (74), the total energy release is a nearly linear function of the NS rotation frequency over a wide range of its variation, |f | < 1kHz. This distinguishes the general-relativity results from the Newtonian theory of disk accretion onto Maclaurin spheroids (see below).
Estimating the Energy Release in the Newtonian Theory. When a rotating NS is modeled by a Maclaurin spheroid, the following formula holds for the total energy release in the disk and on the NS surface (φ e is the gravitational potential at the equator):
3/2 e 3 arcsin e + 2 − 2e 2 ).
